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Abstract. We prove that the natural map from the center of the affine 
Sergeev superalgebra to the even center of any cyclotomic Sergeev superalge- 
bra of odd level is surjective, hence that the even center of a cyclotomic Sergeev 
superalgebra of odd level consists of symmetric functions in the squares of its 
polynomial generators. 



1. Introduction 

This paper is an attempt at a twisted version of Brundan's description of the 
centers of the type A degenerate cyclotomic Hecke algebras H^, and thereby his 
classification of their blocks. These algebras arise as finite-dimensional quotients 
of the corresponding degenerate afBne Hecke algebra Hd, whose center is well- 
known to consist of all symmetric polynomials in its polynomial generators, so it is 
easy to write down central elements of i/^ corresponding to the elements of Z{Hd). 
However, it is far from obvious that these elements constitute Z{H^) in its entirety. 

In [1] , Brundan filters Hji by polynomial degree and studies the associated graded 
object, which is a twisted tensor product of a truncated polynomial ring with the 
group algebra of the symmetric group. By examining the centralizer of the poly- 
nomial subalgebra, and finding within it the fixed points of a natural conjugation 
action by the symmetric group, an explicit description of the center of the graded 
algebra is obtained in terms of certain elements called colored cycles. This provides 
the needed upper bound on the dimension of Z{H^). 

In place of Hd, we study the affine Sergeev superalgebra Sd introduced by Nazarov 
in [5] . The appropriate finite-dimensional quotients are the cyclotomic Sergeev su- 
peralgebras Sjj, where / is a monic polynomial of degree I having a certain specified 
form [2, section 3-e]. (Full definitions follow in Section 2.) The center of Sd is also 
well-known to be generated by the squares of the polynomial generators, and so the 
logical question is whether Z{Sjj^) is equal to the image of Z{Sd) under the quotient 
map. We prove the following: 

Theorem 1.1. Let I be odd. Then Z{S^) is the free R-module consisting of all 
symmetric polynomials in the squares x\,...,x'^^ of its polynomial generators. 

When I is even we show that the center of the graded superalgebra is strictly 
larger than the image of Z[Sd) in Z{S^). However, by itself this is not sufficient to 
conclude anything about the rank of Z{S^) in that case. 

This result provides the expected classification of the blocks of Sjj for odd /, 
which partially corrects a gap in the existing literature. Specifically, this is the 
degenerate version of the claim made in [2, Corollary 8.13]. 
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of Sydney in 2007, and I am indebted to Andrew Mathas and the algebra group 
there for their hospitaUty. 

2. Preliminaries 

2.1. Notation. Fix l,d> 1 and a commutative ring R. For any a > 1, write /„ 
for the index set {1, . . . , a}. 

For A — {ii, . . . , ia} C and a G write supp(Q!, A) for the set { ij \ aj = 1 }. 
Define \a\ := Qfi = | supp(Q;, /a)|, and caU a even or odd according to the 

parity of |a|. Write (Z§)^^ and (Z§)°<id for the set of all even and odd elements of 
Z2, respectively. 

For i G la, write Ij for the element of with a 1 in the zth position and Os 
elsewhere. 

For 1 < j e /a and a G Z|, define 

■-a + Ij + 

and 

a^^^ :=a + li + la. 

2.2. (Super)algebras. Let Ri[xi, . . . ,Xd] denote the truncated polynomial alge- 
bra 

R[xi,...,Xd]/{x[,...,xli). 

Let RTid be the group algebra of the symmetric group. We regard both of these as 
superalgebras concentrated in degree 0. (The word "super" will often be suppressed 
in what follows.) 

Write Cd for the Clifford algebra on odd generators ci, . . . , q, with relations 

c- = 1, CiCj = -CjCi for Id- 

For A = {ii,...,ia} C 1^, write aA for the cycle (zi ... ia) G RT,d- Write 
Ri[A] for the algebra Ri[xi \ i € A] and C[A] for the Clifford algebra generated by 
{c, I i G A}. 

Definition 2.2. Let Sd be the affine Sergeev superalgebra. As an i?-module, it 

is free on Coxeter generators Si, . . . , Sd-i, polynomial generatora Xi, . . . , Xd, and 
Clifford generators ci, . . . , c^, which arc then subject to the following relations: 

• Coxeter generators satisfy the relations in RTtd; polynomial generators com- 
mute with one another; Clifford generators satisfy the relations in Cd- 

• XiCi = —CiXi, XiCj = CjXi for i,j G Id with j ^ i. 

• SiCi = Cj+iSj, SiCj = CjSi for i,j G Id-i with j ^ + 

• SiXi = Xi+iSi - 1 - CiCi+i, SiXj = XjSi for i G Id-i, j G Id with j + 

We record the following identity in Sd, for i G Id-i and n > 1: 

s,x^ = x^^.Si -^xlx^^-^(l + (-irc,c,+i). 

The following result is well-known: 
Theorem 2.3. [4] Z{Sd) is the set consisting of all symmetric polynomials in the 



CENTERS OF CYCLOTOMIC SERGEEV SUPERALGEBRAS 



3 



Definition 2.4. Let f{x) = + bi-2x'-'^ + h^ix'--^ + • • • G R[ x] bo a monic 
polynomial with the property that the terms appearing in / all have either even or 
odd degree. Then the cyclotomic Sergeev superalgehra is the quotient of Sd by 
the two-sided ideal generated by f{xi). The parameter / is called the level of S^. 

As a consequence of Theorem 2.3, the image of every symmetric polynomial in 
the f f , . . . , is central in 5*;^. The purpose of the rest of the paper is to prove that 
that there are no other central elements. 

We give a filtration FqS^ C FiS^ C . . . of <S;[ by declaring Coxeter and Clifford 
generators to lie in filtered degree 0, and polynomial generators to lie in filtered 
degree 1. Write g^S^ for the associated graded object. By the PBW theorem for 
cyclotomic Sergeev superalgebras [4, Theorem 15.4.6]) there is an isomorphism of 
superalgebras 

grS^ ^ {Ri[xi, . . .,Xd]^Ri:d) (g) Cd 
where ci) is the usual twisted tensor product. We identify Ri[xi, . . . ,Xd], R^d, and 
Cd with the corresponding subalgebras of griS;^ when convenient. 

Remark 2.5. We will abuse notation by writing Xi, Ci, and Si for the generators 
of both Sd and <S^. We write Xi, Ci and Si for the generators of gr5j, where we 
will be working from now until section 5. 

For A<Z Id and z € gr<S^, we say z is of maximal degree with respect to A if a:-~^ 
divides z for all i G A. An element of the form Jctac G g^S^ with / G Ri[A] and 
c G C[A] is called a maximal degree cycle if it is of maximal degree with respect to 
A. Define the length of an element fac G gr«S^ with f £ Ri[d\, a €T,d, and c G Cd 
to be the length of a. 

2.3. Signs. 

Definition 2.6. For a G Zj, define an associated a-tuple of signs 

e« = (e?,...,e«)G{±ir 

by 

j<i 

for i G la, where we understand = 1 for all a. 
Remark 2.7. (i) a G lies in {Z^f'' if and only if 

e: = (-!)"»• 

(ii) For A = {ii, . . . , ia} '^Id, oi G Z2, and j G la we have 

CijCa{A) = e'jCa+ijiA). and 

Ca(A)ci, = (-l)«^+^+-+«<'c„+i,(A). 

Moreover, if a G (Z^)"^, then this last expression equals e"_|_iCa+ij (^). 
(Here the sign is to be interpreted as 1 if j = a.) 

(iii) For KjGia, 




i=j, 



4 



OLIVER RUFF 



whereas 

- -ef i^l 



i = 1. 



2.4. Polynomials. Most of our results ultimately depend upon the good behaviour 

of a certain class of polynomials, which arc generalizations of the ones defined in 
chapter 2 of [1]. Here we define them and establish some of their properties. 

Definition 2.8. For A = {ii, . . . , io} C I^^, r > 0, and a e (^2)''^, the polynomial 
is defined as follows: 

ri + ---+ra = (a-l)(i-l)+r 

Lemma 2.9. (i) For Kj <d, c,^ h'^{A) = hf^\A) a.. 
(ii) a, h^{A) = Ci,. 

Proof. (i) Follows immediately from Remark 2.7 (iii). 
(ii) 

r-i+---+r„=(o-l)(/-l)+r 
ri,....r„ Kje^o 

= E {{-ir^-^'^He^nY' n i-^j^ij^yn 

ri,...,ra Kj&Ia 

= a, by Remark 2.7 (iii). 

□ 

Lemma 2.10. For A = {ii, . . . ,ia}, a G (^2)™; J ^ ^^'^ r > 0, we /law 
(2.11) Xi^h^iA) = {-ir^h^{A)x,,^,^y 

Proof. We have 

x^^KiA) = x.^ E {e'ix.J'...{e:x,S' 

ri+--+r„=(o-l)(i-l)+r 

= e," E {e'^Xi,y^...{e^x,J^+\..{e:xiJ^^ 

= E ie^x,J^^...{efx,J^...{ey,J^^. 

Er-fe = (a-l)(;-l)+r+l,r3>0 

In fact, by the pigeonhole principle the condition rj > in the last summation is 
redundant: if rj =0, there must be some other greater than or equal to L So 
this condition can be disregarded, leaving the summand symmetric. 
Now, since our choice of j was arbitrary, we also have 



riH \-ra 

The result follows, since e" = (-l)"^ef. □ 
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Lemma 2.12. Let A ~ {ii, . . . , ia-i,k}, B — {k,j2, ■ ■ ■ ,jb} C Id with ACiB = {k}. 
Let a e (Zf)™ and (3 £ (Z^)™, and r,s > 0. Wnte AuB for the ordered set 
{ii,...,ia-i,k,j2,---,jb-i}- Then we have 

(2.13) h^{A)h^{B) = (-l)"»«^-i)('-i)+^)/i7+,(A U B), 
where J = {ai, . . . ,aa-i, f3i, . . . , I3b-u (3b + aa) G {Z^+''-^y\ 
Proof. The left-hand side of (2.13) equals 

(2.14) ^(e>,J'-^ . . . {e:_,xi^_,y^-^{e:xky''{efx,y'ie^,xj,y^ . . . (e^x.J^^ 



where 



Now, observe that 



Using this, we can write 
(2.15) 



5 

j=2 



a'-z—a 



■Tk = {a-l){l-l)+r 
3 = (h-l){l-l) + s. 

i = 1, . . . ,a 

i = a + 1, . . . ,a + b — 1. 



and 



a-1 



n, ■ . . ,ra_i 

Si, . . .,Sb-l 



j=2 



where 



j=a-l j=h 

rj +Ysj + t = {a + b- 2){l - 1) + r + s. 

Modulo a sign, every term in the summation (2.15) arises as a term from (2.14), 
because the + Sk arising from (2.14) all satisfy the condition on t. On the other 
hand, every term in (2.14) must occur in (2.15) by the pigeonhole principle: if the 
powers of .Tjj, . . . ^Xa-i in a term from (2.15) didn't sum to at least (a — 2)(Z — l) + r, 
then some subsequent Xj would have to be raised to at least the power I. 

To establish the result, it remains to show that the difference in sign between the 
terms in (2.14) and (2.15) is as claimed. (Most urgently, we need to show that it 
is not dependent on the choice of term.) Fixing a choice of ri, . . . , ra-i, S2, ■ ■ ■ , Sb, 
the ratio of the corresponding terms in (2.15) and (2.14) is 

Observing that = 1, we obtain 

ratio of signs = (e^)(«-i)('-i)+'-i:SrV,+(6-i)(;-i)+s(ga)r. 

= (e^)(''-^)('-^)+* 

= (_l)«a((6-i)(;-i)+s)_ 

□ 
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Lemma 2.16. Let I be odd. Let 

A = {ii, . . . ,ia-2,k,m],B = {fc,m, ja, . . . , jb} 

he subsets of la with A 3 = {k,m}. Let a 6 (Zf)™ and (3 e Write F for 

the polynomial IljeAus Then 

{ I F = 1, 

hZ{A)h^,{B) = 

I F otherwise. 
Proof. By the pigeonhole principle, /iq (A)/iq (i?) equals 

r=0 

This is a sum of I terms, each of which equals ±F. Since Z — 1 — r has the same 
parity as r, and = 1, this sum is alternating if and only if 

a a _ _i 

Observing that the left-hand side equals (— l)"<»+^i gives the result. □ 

Remark 2.17. Retaining the notation of Lemma 2.12: 

(i) If |A n i?| = 2 then the product h"{A)h'^{B) is either zero or a scalar 
multiple of the maximal degree term HieAuB ^i^- 

(ii) If |y4 n B| > 2 then (B) = 0. 

3. X-CYCLES 

f 

In this section we study the following subalgcbra of gr : 

Definition 3.18. Let Cx be the centralizer of the polynomial subalgebra of gT:S^. 
That is, 

Cx = Centg^_5/ {xi,...,Xd). 

3.1. X- cycles. 

Definition 3.19. For an ordered subset A of Id, r > 0, and a G {^2^^, define the 
X-cycle by 

^('^•") := ft? (A) a A c^{A) € gr^^^. 

Lemma 3.20. Take A = {ii, . . . ,ia} h, a € Z^, and r > 0. Then A^'"'") e Cx- 

Proof. It is sufficient to check that ^4^'''"' commutes with xt^ for j G la. Using 
Lemma 2.10, we have 

Xi^h^{A)aACa{A) = {-ir^h^{A)x,^^,^)aACo.{A) 

= i-ir^ h^{A)aAX^^Cc,{A) 

= (-l)«^7i«(A)aA(-l)"^c„(A)x,^ 

= A^^'^'^Xi^. 

□ 
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For A = {ii,...,ia} Q Id and a G (^2)°^' write A and a for the elements 
obtained by shifting A and a one place to the right. That is: 

A = {ia,H, ■ ■ ■,ia-l}, 01 = (Q!a,ai, . . . ,Q!a_i). 

Lemma 3.21. For A and a as above, and r > 0, we have 
Proof. First observe that 

n,<i-l(-l)"^ -fa = d^a l<t<a 



Ci = 



1 i = l 



where we use the fact that = (—1)"" since a is even. 
Now, 

K{A)= J2 (e?a;,,r...(e«a;,„r» 

ri,...,ra 

and 

where J2jeia """i ~ ^jeia *J ~ ~ -*-)(' ~ -'■) + ^- "^^^ second expression can be 
rewritten as 

ri ,...,ra 
ri ,...,ra 



Finally, observe that a-^ = ua and that c-^{A) = (— l)""Ca(A). Putting this all 
together we obtain 

2^''"^ = K(a)cjjc^(a) 

= (-i)""(('»-i)('-i)+'-)/7,;^(A)(7^(-i)"-c„(^) 

= (_l)aa((o-l)(Z-l)+r+l)^(r,a)_ 

□ 

Remark 3.22. Lemma 3.21 is the reason that we have to be careful to define 
X-cycles in terms of ordered indexing sets A, rather than the elements aA of the 

symmetric group that they determine. This is quite unnatural, but it will cease to 
be a concern in the next section once wc prove Theorem 4.33. 

Proposition 3.23. (i) X-cycles associated to disjoint indexing sets commute 
with one another. 
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(ii) Let A = {u, . . .,ia-i,k}, B = {/e, j2, •••,>} C Id with Af\B = {k}, and 
let r, s > 0. Let a G and /3 G [iJ^iT^ ■ Then 

^(r,a)^(s,/3) ^ (_l^a„((6-l)(i-l)+s+/36)^^y ^^(r+s,7) 

where B = {h, . . .,ia-i,k,j2, ■ ■ ■ ,jb} and 

7= (ai,...,aa-i, /?!,..., /36-i,aa + /36) G (Z^+^-i^- 

Proof. (i) Obvious, 
(ii) 

^(r,a)5(.,/3) ^ h:{A)<JAUA)h^^{B)<JBCp{B) 

= hl',{B)K{A)aACo.{A)aBCp{B) 

= h'^{A)h^g{B)aAOBCa{{h, ■ ■ ■ ,ia-i, ib])ci3{B) 

= (_l)aa((6-l)(;-l)+.)^7^^(^ y i3)a^UB • 

CQ,({ii,...,ia_i,jb})c^(S) 
= (_l)«a((6-i)(i-i)+«)+«a/3„/j7^^(^ U S)aAUBC7(A U S) 

from which the result follows. 

□ 

3.2. Other elements of Cx- 

Lemma 3.24. Take A = {ii, . . . , ia} C 7^ and a G Z2 . Suppose 

Z = faACa{A) G Cx 

for some polynomial f G -Ri[A]. Then either a G (Zj)™, or f is of maximal degree 

with respect to A. 

Proof. By multiplying z on either side by .x^ . , for j & la, we see that 

XiJ={-ir^x^^^i^)f. 

This implies 

^nf= n(-i)"'^H/' 

ieia 

SO either Yliei i^^)"' ~ ^' whereupon a G (Zg)''^, or else Xi-^f = 0. In the latter 
scenario, we must then have Xi^f = for all j G la, which gives the required 
condition on /. □ 

Lemma 3.25. Let A = {ii, . . . , ia} C 7^ and a G {^2)^'". Suppose z = faACct{A) G 
Cx, for som.e homogeneous f G Ri[A\ with deg(/) < (a — 1)(Z — 1). Then z is a 

scalar multiple of an X-cycle. 

Proof. By assumption, there exists a j with Xi-f ^ 0. Multiplying z on both sides 
by Xi- , we see that / must satisfy the relation (2.11) for this choice of j, whereupon 

^aAii )f ^- T^^c result follows from repeated application of this argument, and 
the observation that (2.11) characterizes the polynomial h^{A) up to a scalar. □ 

Proposition 3.26. Let z = faAi ...CTyi^c G Cx, for som,e pairwisc disjoint Ai, 
. . . , Am in Id, f homogeneous in Ri[Ai U • • • U Am] and c G C[Id]- Then z can be 
written as a product of disjoint X- cycles and maximal degree cycles. 
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Proof. Proceed by induction on m, the case m = 1 following from Lemma 3.24 and 
Lemma 3.25. It is clear from the relations that we may assume c £ C[AiU- • -UAm]. 

Write / = fiQi for some homogeneous polynomials € Ri[Ai U . . . Am-i] 
and Qi € Ri[Am]- The element c can be written uniquely in the form 

Ca{Ai \J ■ ■ ■ U A^-l)Ci3{A„^). 

Now, consider the coefficient of each gi(7A^cp{A„i) in z: by homogeneity of the 
relations, each such coefficient must commute with Ri[Ai U • • • U Am-i], and so by 
the inductive hypothesis it is of the required form. Moreover, each giaA^Cj3{Am) 
must commute with so, depending on the parity of /3, apply Lemma 3.24 

and/or Lemma 3.25 to obtain the result. □ 

4. CX-CYCLES 

Definition 4.27. Let Ccx be the even centralizer in Cx of the Clifford subalgebra 
of gr5^. 

4.1. CX-cycles. In order to refine the notion of X-cycle and obtain elements of 

Ccx, we need to introduce another sign function on i^^)^^ ■ 

Definition 4.28. For a G {l^lf , define 

Recall the notation a^-') from Section 2.1. The following is another (and less ad 
hoc) way of characterizing the t^- 

Lemma 4.29. Let a e (Z^)"^" and Kje /„. 

(i) T„u) =(-l)"^+"-ir„. 

(ii) r„a) = (-l)«i+«»+«r„. 

Proof. (i) Observe that 



\a\ ±2 if aj = aj-i, 
\a\ otherwise. 



Also 



and so 



y] i{a^^^)i = ^iai+j+ (j + 1) mod 2 



if a, = ctj-i, 



Tad) = 



-Ta otherwise. 

The result follows, since (— 1)"j+"3-i is negative precisely when aj ^ cnj-i. 
(ii) Similarly to part (i), we have 

\a\ ±2 if Qfi = aa, 



laW| = 



\a\ otherwise, 



but then we have 

«(a(^))i = ^iai + l+a mod 2 
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and so 

(-l)''Ta if ai = tta, 



-r„(i) 



(-l)"+^ra otherwise. 

□ 



Definition 4.30. (i) For A = {ii, . . . ,ia} C and r > 0, define the element 
^4^'') as follows: 

(4.31) := J2 ^a^^'"'"-' e Cx 

(ii) Call such an element a CX-cycle if (a — 1)1 + r is even. 

Proposition 4.32. The element A^^^ defined above lies in Ccx if and only if it is 

a CX-cycle. 

Proof. It is obviously sufficient to check that A^'^'^ commutes with Cj^. for j S /„. 
We treat the cases j = 1 and j > 1 separately. 
First, suppose j > 1. Then 

Ci^.A^'') = ^ Tc,Ci.h'^{A)aACa{A) 

ae(Z«)e- 

= ^ Tahf'\A)ci.aACa{A) by Lemma 2.9 (i) 

ae(Zg)e- 

^ e"_iT«/i^'''(A)fTACa+ij_i(A) by Remark 2.7 (ii). 

On the other hand, 

^^'^Ci^ = E r^K{A)aACo.{A)c,^ 

a£(Zg)''v 

51 e"+i'ra/i"(A)£7ACa+i,.(A) by Remark 2.7 (ii) 

= J2 e'}+i^„U)hf\A)aACc,+ij_AA) 

ae(Z|)<=v 

= E e^+i(-l)"^+"-^r„/z$?"'(A)a^c„+i,_,(A) 

ae(ZJ)''v 

= CijA^'^^ because ej'^l = e"+i. 
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Now suppose j = 1. Wo have 

ae(Z§)ev 



aG(Z°)'=v 

(_l)(a-i)a-i)+. ^ (-l)""r„/i^<''(^)aAC„+i„(^), 



whereas 



= {-^rTo.K{A)aACc.+u{A) 

= (-l)<"'''^^T„(l,/l«'''(^)<7AC„+l„(A) 

= ^ {-ir+\-ir+'^^+<^T^hf\A)aACo,+iAA). 

ae(Z°)«'v 

Comparing the signs, we see that vl^'') commutes with Cj^ if and only if 

(a - !)(/ - 1) + r + + aa + a + 1 

is even. This is equivalent to the condition that {a—l)l+r be even, which establishes 
the result. □ 

Theorem 4.33. Let A^^'^ be a CX-cycle. Let A be defined as in Lemma 3.21. Then 

we have 



Proof. By definition. 



A = TocA = 2^ r^A 

Since \ a\ = \a\ for any a, we have that 

{—Ta if = 1 and a is odd, and 
Ta otherwise. 

Now, combining (4.34) with Lemma 3.21, the result follows from consideration of 
the following three cases: 

— >(r, a) 

(i) aa = 0. Then t^A = Tq,^^'"'"^ automatically. 
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(ii) tta = 1 and a is odd. Then 

T-^A = TaA^^'"'' ^ (a — 1)(Z — 1) + r is even <-> (a — 1)Z + r is even. 

(iii) Ua = 1 and a is even. Then 

r^]4^'''"' =TcA('''") ^ (a-l)(«-l)+r + liseven 

r and I have the same parity 
(o — 1)Z + r is even. 

□ 

Remark 4.35. In contrast to Remark 3.22, the above theorem shows that CX- 
cycles are "weU-defined" in a way that X-cycles are not. That is, a CX-cycle can be 
unambiguously associated to a cycle in the symmetric group and a positive integer. 
It is clear that CX-cycles associated to disjoint cycles commute with one another, 
and that for A,BcId and r, s > the product A^^^B^^^ must be zero whenever 
|A n B| > 2, or when |A n S| = 2 and r + s > 0. 

Proposition 4.36. Let A = {ii, . . . fc}, B = {k,j2, ■ ■ ■ ,jb} C la with AnB = 
{k}, and let r,s > be such that B^^^ is a CX-cycle. As in Lemma 2.12 and 
Proposition 3.23, write A'O B for the ordered index set 

{ii, . . .,ia-i, kji, . . .Jb-i}- 

Then 

^(r)^(s) ^ (A US) 

Proof. As in Proposition (3.23) (ii), for given a G eZa and (3 e {Z^y^, set 
7= (ai,...,a„_i, /?!,..., /36-i,a„+/?6) G (Z»+^-i)^\ 

Observe that each element of (Z2~'~^~^)''^ is determined by a unique pair of elements 
of {Z^y and (Z^)°^ in this way. Now, 

a,l3 

= ^(-l)""((f-i)('-i)+«+/3^)r„r;3(A U B)('-+-.T). 

Now we need to show that this coefhcient equals Tj. Observe that 

\a\ + \p\-2 ifa„=/36 = l. 



l7l 



\a\ + otherwise. 



Also, 



X] Hi = J2 ^"*+ J2 {a-l+j)Pj + {a + b-l){aa+l3b) 

= Y.iai + ^jl3j + {b-l)aa + {a-l)J2Pj- 
Since the last term is even, this gives us that 
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Comparing this to our initial calculation, we need 6—1 and (6 — 1)(Z — 1) + s to have 
the same parity. However, this is equivalent to the requirement that (6 —l)l + s be 
even, so we're done. □ 

Example 4.37. The requirement in Proposition (4.36) that one factor be a CX- 
cycle is strict. For instance, the factorization 

(1 2 3)(°) = (1 2)(°)(2 3)(°) 

is valid if I is even, but not if I is odd. 

Example 4.38. (1 2)(°)(1 2)(°) = 0, regardless of the parity of Z. 

Example 4.39. (i) As a consequence of the previous two examples, we have 

(1 2 3)W(2 3 4)W = (1 2)W(2 3)(°)(2 3)(°)(3 4)^ = 

if I is even. However, if I is odd, one can use Lemma 2.16 to show that 

(1 2 3)W(2 3 4)W = 2a;l'-'^4'"'^4'"'^4'"'^siS3(ciC4 + C2C3 - C2C4 - C1C3). 

(ii) Regardless of the parity oi I, we have 

(12 3)(°)(3 2 4)(°)=0. 

Remark 4.40. Collectively Theorem 4.33, Proposition 4.36, and Example 4.39 
provide sufficient information to calculate A^'^^B^^^ whenever |y4.ni?| = 2. (This is 
only complicated if I is odd.) 



Lemma 4.41. Let A = {ii, . . . , ia} C 1^, 

Z= 51 faCTACaiA) S Ccx 

ae(Z|)™ 

for some homogeneous fa € Ri [A] . If the fa are not of maximal degree with respect 
to A, then z is proportional to a CX-cycle. 

Proof. We may write z = X)ae(z°)°^ 6aA^'^'°'^ for some < r < Z — 1. Multiplying 
this expression on the left and on the right by Cj, for i G A, and using Lemma 2.9, 
we obtain 

= (-l)"-+"-^0« 

for each 1 < i e 7^, as well as a similar expression in the case i = 1. However, this 
characterizes the coefficients Ta up to a scalar, so the result follows. □ 

4.2. Odd skew elements. 

Example 4.42. If / is odd, we have that 

(1 2 3)(°)(2 3 4)(°) = 2cci'-')4'"'^4'"'^4"'^SiS3(ciC4 + C2C3 - C2C4 - C1C3). 

The right-hand side cannot be expressed as a product of disjoint CX-cycles, but 
instead factors as follows: 

-2(a;f~^^4~^^si(ci - C2)) • (4~^^4~^^S3(c3 - C4)). 
The two terms appearing in this factorization are maximal degree odd elements of 

Cx, each of which skew-commutes with the Clifford part of gr<Sj^. 

Definition 4.43. Say an clement of the form fcr^c G Cx, for A — {ii, . . . , ia} Q Id, 
f e ^^'^ ^ ^ ^[A\, is an odd skew cycle if it is odd and skew-commutes with 

all the Clifford generators of gr>S^- 
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Proposition 4.44. For A = {n,...,ia} C I^,, f e Ri[A], and c G C[A], let 
z = joAC he an odd skew cycle. Then it is of maximal degree with respect to A. 
Moreover, one of I and a must be even. 

Proof. Since z is odd, we can write it as X]ae(Z")°dd faO'ACaiA). By Lemma 3.24, 
the fa must all be of maximal degree with respect to A, so we can in fact write 

z = FaA{ ^»Ca{A)) 

for some coefficients 6a, where F = Oj^i ^l^^- Let 1 < j £ la. Multiplying on the 
left by c,^ , we obtain 

(-l)'-l {OaUi-irCa+U-lM)) 

ae(Z|)°'i<i fe=l 

whereas multiplying on the right we obtain 

a 

E n i-^T'Ca+AA)). 

ae(Zg)°dd k=j + l 

Observing that if a e (Z^)"^'^ we have 

3-2 a 

fc=l fe=j+l 
and comparing coefficients yields 

(4.45) eaU) = {-iy-\-ir^+"'-'0a. 

One can similarly obtain 

Now, using the fact that a = {. . . (q('*))("~^) . . . we have 

Oa = (-l)'^('-l)(-l)«»+«»-i(-l)^J=2(«i+«i-i + l)(_l)«i+«<.+2gi^ 

= i-lfOa, 

from which the claim follows. □ 
4.3. Basis for Ccx- 

Theorem 4.46. (i) Let Ai, . . . ,Am be pairwise disjoint subsets of Id, and let 
z = Fgai ■ ■ ■ '^A^c e Ccx be such that c G Caiu---ua„, and F G Ri[Id] is 
of maximal degree with respect to Ai U • • • U A^ ■ Then z can be written as 
a product of disjoint even CX- cycles and (an even number of) disjoint odd 
skew cycles. 

(ii) Let z = Eae(zj)™ fa(^Ai ■ ■ ■ aA^CaiAi U • • • U A„) be an element of Ccx, 
where Ai,. . . , Am are pairwise disjoint subsets of Id, \Ai\ = at for i € Im, 
and X^jgj ai = a. Suppose the fa are not of maximal degree with respect 
to any of the Ai . Then z can be written as a sum of products of disjoint 
CX- cycles. 
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Proof. We prove the first statement by induction on m. For the base case, it is 
easy (using Lemma 4.29) to calculate that z must equal the CX-cycle A^~^\ (And 
thereby that |^i| must be even if I is even.) 
For the induction step, begin by writing 

C = ^ 0a,f3Ca{Ai U • ■ • U A„_i)c^(A„) 

for appropriate a, (3 and some coefficients 6a, 0- Consider the coefficient of each 
UieA^ x\'^<^A^ci3{Am) in z. 

Firstly, if j3 is even then this coefficient must itself be even, and must commute 
with every Ci with i G j4i U • • • U Am-i- So, by the inductive hypothesis, it is of 
the appropriate form. If (3 is odd, then the coefficient is odd and skew-commutes 
with all these elements. If m = 2, this means that the coefficient is a single odd 
skew cycle. Othc it this argument until the inductive hypothesis can be 

applied. Finally, by grouping like coefficients and appealing to homogeneity of the 
relations, we reduce to the base case. 

The second statement is proved similarly, using Lemma 4.41 for the base case and 
Proposition 4.44 to observe that no odd elements can arise in the factorization. □ 

5. Center of gr<S^ 
5.1. Stcindcird basis. Let Md{l) denote the set of Z-multipartitions oi d. 

Definition 5.47. Let z = A^[^'^ . . . Am""^ be a product of disjoint CX-cyclcs in Ccx- 
Define the cycle type of z to be the multipartition A = (A^^^ . . . , A^'^) G M.d{l), 
where the parts of A^''^ consist of those occurring in z such that = r — 1. 

Definition 5.48. For A e Aid{l), define the redundancy of A to be the number of 

parts of A^'^^ that are equal to 1. So if z is of cycle type A, then the redundancy of A 
is the number of 1-cycles in z of degree 0. (These could be omitted from z because 
(i)W = 1.) 

The next lemma is an immediate consequence of the definitions: 

Lemma 5.49. Let z he defined as above, and let A he the cycle type of z. Then 

one of the following is true: 

(i) I is even. X^^^ = whenever r is even. 

(ii) I is odd. A^'"^ has only odd parts ifr is odd, and only even parts ifr is even. 

Let M'^{1) C Md{l) consist of those multipartitions which occur as the cycle 
type of some product of disjoint CX-cycles. 

Definition 5.50. For A G ^4^(1), let Zd{X) be the sum of all CX-cycles with cycle 

type A. 

Theorem 5.51. Let I be odd. Then the elements { Zd{X) \ A G M^^{1) } form a 
basis for Z(gr5j). 

The symmetric group acts on Ccx by conjugation, and Z{giS^) consists of 
the fixed points of this action. We consider the orbit sums of elements of Ccx- It 

is clear that Zd{X) is the orbit sum corresponding to any product of CX-cyclcs with 
cycle type A. So, in view of section 4.3, the theorem follows from the following 
lemma. 
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Lemma 5.52. Let I be odd, and let z — Fgac he an odd skew cycle, for some 
A = {ii, ...,ia}cld, Fe Ri[A], c G C[A]. Then 

Proof. From Proposition 4.44, we have that a is even. Write 

(a-l)! 

TGEa i=l TeTi<<7A> 

where {Ti} is a set of coset representatives for < cr^ > in E^. We claim that the 
sum over each coset is zero. As in Proposition 4.44, write 

c= E ^aCaiA), 

and consider the element 

a^'caAiA) = J2 ^a-(a)Ca(^) e C[A]. 

C«e(Z§)odd 

We can obtain 0-^^(a) from a by applying a sequence of precisely la] operations in 
the following manner: find i G la such that = 1 and Q!i_i = 0. (This is possible 
since a is even and a £ (Z'^)"'^'^-) Replace a with a'-'-', then continue sequentially. 
Now, applying (4.45), we have 6^-i^^^ = —da- Consequently, 

aA - z = —z, 

so we have ■ z) = Q, and hence the result. □ 

5.2. Murphy basis. Now we construct another basis for Z(griS^). Its index- 
ing set, given in Definition 5.53, has a more natural description than the one in 
Lemma 5.49. 

For a partition A = (Ai > • • • > A,. > 0), define 

\/l ■.= {[_\i/l\>...[K/l\). 

Definition 5.53. (i) Let Vdil) denote the set of partitions A satisfying 

r+\\ll\ < d. 

(ii) Let 'P'^{1) be the subset of Vdil) consisting of partitions all of whose parts 
are even. 

We use the bijection ip : Md{l) — > "Pdil) from section 2 of [1]. If 
A = (A«,...,AW)GA4d(/), 

where A^""^ = (A'^' > • • • > Xml > 0), then ip{X) is the partition with parts (A-'^'' — 
1)1 + r — 1 for all r E Ii and 1 < i < nir. 

(In other words: the rth entry of A encodes the parts of (p{X) that are congruent 
to r — 1 mod I.) 

Lemma 5.54. (i) ip is a bijection. 
(ii) v{MT{l)) = Vr{l). 
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Proof. The construction of is also given in [1]: given G Vdil), construct 
A = (A^^'. .... A^'^) as follows. For all fXi satisfying /Xj = r — 1 mod I, A^*"' has parts 
{[/ij//J + 1}. The second part is a direct consequence of Lemma 5.49. □ 

Definition 5.55. For k = {a—l)l+r > 0, define the colored Jucys-Murphy element 

(5.56) yi{k)= (iii.-.ia-i)^''' egr<S^. 

1 < ii, . . . , ia-i < i 
ia-1 distinct 

Remark 5.57. (i) The terms on the right-hand side of (5.56) are CX-cycles 
if and only if k is even. 

(ii) If A; < Z we have 

yi{k) = 

(iii) Something that is to be called a "Jucys-Murphy element" should be ex- 
pected to consist of a sum of elements looking (in this instance) like 

{h ... i„_ii)W. 

However, because of Theorem 4.33, our definition is equivalent to this if k 
is even. (But not if k is odd.) The next lemma explains the irregularity. 

Lemma 5.58. For all i € Id we have x\ e Fi-xSd, and gr;_i x\ = yi{l)- 

Proof. Proceed by induction on i, the case i = 1 being clear since yi{l) = and 
the polynomial / has no degree I — 1 term. 
As a consequence of (2.2), we have 



-1 



i+l 



Sixlsi + Yxlx\_^l ^Si{l + {-ly + ^CiCi+i) 



3=0 

in Sd, and the image of the summation under gr;_i can be seen to be equal to 
(i i + 1)^°^. So, by the inductive hypothesis, f e F;_i<S^, and 

gr,_ix^+i = Siyi{l)si + {ii + l)^°^ 

= yi+i{i)- 

□ 

We can regard elements of 'P^^(Z) simply as d-tuplcs of integers. For two such 
d-tuplcs, /i and z/, write fi ^ u if they differ up to permutation of their entries. 

Definition 5.59. For fi G V^^{1), define 

Theorem 5.60. Let I be odd. Then the elements { md{n) \ n & 'PTQ') } form a 
basis for Z(gr<S^). 

Proof. First we need to show that each nidin) lies in Z(gr<S^). Since ^ € VY{l)i it 
is clear that md{fJ-) G Ccx, so we just need to check that it commutes with each Si 
for i G Id- Since Si commutes with yj{k) unless j = i or j = we need only check 
that Si commutes with the elements yi{k)yi+i{k) and yi{k)yi+i{m) + yi{m)yi+i{k) 



18 



OLIVER RUFF 



for even values of k and m. These calculations are similar: we consider the first. 
Write k = {a — 1)1 + r as usual. Then 

(5.61) yi{k)yi+i{k) = ^ {h . . . . . ja-i i + l)^""^ 

k ■ --ia-i < i 

jl,---,ja-l <i + l 

whereas 

Siyi{k)yi+iSi = ^{ii ■ ■ ■ ia-i i + l)^''^Si(ji . . . ja-i i + l)^'^^Si 

J2 (il...ia-l i + l)(''Hil--- ia-l «)^"^ 

jl,...,ja-l¥=i 

Showing that this equals (5.61) is an exercise in applying Proposition 4.36, Theo- 
rem 4.33, and (if r = 0) Example 4.39 according to whether 

{ii,...,Za_i}n{ji,...,ja_i} 

equals 0, 1, or 2. 

To complete the proof, we claim that md(/x) = Zd{(p^^{n)) + (*), where (*) de- 
notes a linear combination of Zd{i')s with strictly greater redundancy than (/)~^(/z). 
By definition, mdip) is a sum of products of CX-cycIes of the form A'^^^^ . . . A^'a'^ 
If the index sets are pairwise distinct, this contributes something of cycle type 
(j)~^{fi), and certainly every element of cycle type (f)~^{^) arises in such a way, 
which provides the Zd{4'~^{^l)■ If the index sets overlap, any nonzero contribution 
that arises will be a similar product of CX-cycles such that \Ai \ -|- • • • -|- \ Aa\ < 
Consequently, their cycle types will have strictly greater redundancy. □ 

6. Center of 

Lemma 6.62. Let k = {a — 1)1 + r be even. Then x'l lies in F(^a-i){i-i)+r{^d)- 
Moreover, we have 

gr{a-m-i)+rixi) = yi{k). 

Proof. This is the (slightly cleaner) analogue of Lemma 3.1 in [1]. We use the same 
strategy, looking first at the case fc = (a — 1)1 and proceeding by induction on a. 
The base case a = 2 is Lemma 5.58. 

For the induction step, suppose first that a = 3, that is that k = 21. Write 
a;?' = xlx\ and apply Lemma 5.58 again. Unfortunately, if I is odd then none of 
the terms that arise are CX-cycles, so Proposition 4.36 does not apply. However, 
for distinct k G Id it is easy to check that 

(ii)W(jfc)W = (ijfc)W, 

which is enough to establish that gr2(;_i) ^f' is of the correct form. 

For the case a > 3 (and the case a = 3 if Z is even) one can write = xf'~'^^^xf 
and use Proposition 4.36. 

Finally, if = (a — 1) -I- r for r > 0, write x\ = x\5!f and apply the previous 
argument. □ 
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Definition 6.63. For (i e ^^^(Oi define the element of Sd to be tlie sym- 

metric polynomial 

(vi,...,Vd)^H 

Lemma 6.64. For fi € 'P^^{1), the image ofpdifJ.) in lies in (5^), and 

gl'l/il-lA^/iK^dO-*)) = 

Proof. The polynomial degree of Pd{l^) in is clearly and so the result follows 
from Lemma 6.62. □ 

Theorem 6.65. Let I he odd. Then 

^{Z{Si)) = Z{^Si), 

and the set B = { | n G 'Pd'"{l) } is a basis for Z{S^). 

Proof. Our filtration of induces a filtration of Z{S^) in which, for each /j. £ 
'P^^{1), the element PdifJ-) lies in degree — Theorem 5.60 and Lemma 6.64 

establish that the set 

{ s^^\rnu\-\^,/l\{Pd{^^)) I M e "PrCO } 

is a basis for the associated graded object gr(Z(iSj)). This is sufficient to establish 
that B is a basis for Z{S^) as claimed. □ 
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